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Positivity constraints have proved to be important for spin observables of exclusive reactions involving polar-
ized initial and final particles. Attention is focused in this note on the photoproduction of pseudoscalar mesons
from spin 1/2 baryons, more specifically γN → KΛ, γN → KΣ, for which new experimental data are
becoming available.
PACS numbers: 13.88.+e,24.70.+s,25.20.Lj
I. INTRODUCTION
Positivity constraints have been widely studied in hadron physics to determine the allowed domain of physical observables.
They can be used to test the consistency of various available measurements and also the validity of some dynamical assumptions
in theoretical models. This powerful tool has a broad range of applications for the spin observables in exclusive reactions, like
piN → piN,NN → NN,NN → ΛΛ and in one-particle inclusive reactions, like pp → ΛX, ep → eX, νp → eX . It
also provides constraints for structure functions, parton distributions, etc. [1]. Here, we concentrate on the particular reactions
γN → KY , with Y = Λ,Σ, where the incoming photon beam is polarized, the nucleon target is polarized and the polarization
of the outgoing hyperon is measured.
Many data are available for the reaction γN → KY and its analogue without strangeness γN → piN . Most of the results are
available through the Durham data base [2]. Among the recent measurements are those of the SAPHIR collaboration at Bonn
and the LEPS collaboration in Japan. More recently, the photoproduction of a kaon has been studied by the CLAS collaboration
at Jlab and the GRAAL collaboration at Grenoble. The results are about to be published.
In this article, it is reminded that the many possible spin observables are not independent, but constrained by identities and
inequalities. They can be established in a systematic way by powerful algebraic methods. The physics content of these identities
and inequalities can be revealed by alternative derivations based on the positivity of the density matrix or by considerations on
the norm of the polarization vectors. We also stress that some of the most recent (still preliminary) results seemingly violate
these constraints.
Several authors studied how a subset of well-chosen observables enables one to reconstruct the amplitudes to an overall phase.
Unavoidably, the question of the redundancies and compatibility among the various observables is raised, leading to list a number
of relations among observables. Our concern is somewhat simpler: we study to which extent a new observable is compatible
with the previous data, and which margin is left for the yet-unknown observables whose measurement can be foreseen.
In Sec. II, the formalism of the photoproduction reaction γN → KY is briefly summarized with some details given in
Appendix A. In Sec. III, several inequalities relating two or three spin observables are given, and are derived by different
methods. Section IV is devoted to confront the recent measurements with these model-independent inequalities. Our conclusions
are given in Sec. V.
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2II. FORMALISM
The formalism of the photoproduction of pseudoscalar mesons has been studied by several authors, see the pioneer paper
by Chew et al. [3] and [4, 5, 6], with particular attention to the observables which are needed for a full reconstruction of the
amplitudes, up to an overall phase.
It is convenient to express the transition matrixM of reaction γ+N → K+Y in the transversity basis: |pi,±〉 and |n,±〉 for
the initial state and |±〉 for the final state, where ± denotes the transversity of the nucleon or hyperon, i.e., the projection ±1/2
of its spin along the normal to the scattering plane, and pi (resp. n) a photon state with linear polarization parallel (resp. normal)
to the scattering plane. These states are eigenstates of Π, the operator of reflection about the scattering plane and conservation
of Π is equivalent to parity conservation.
For this parity-conserving exclusive reaction, there are four independent transversity amplitudes, which can be chosen as the
following matrix elements of the transition operatorM
a1 = 〈+|M|n+〉 , a2 = 〈−|M|n−〉 ,
a3 = 〈+|M|pi−〉 , a4 = 〈−|M|pi+〉 , (1)
while 〈+|M|n−〉 = 〈−|M|n+〉 = 〈+|M|pi+〉 = 〈−|M|pi−〉 = 0.
The complete knowledge of the reaction requires, to an overall phase, the determination of seven real functions. On the other
hand, one can extract from all the possible experiments sixteen different quantities, which are the bilinear products of the four
amplitudes. A well chosen set of observables give access to the amplitudes (to an overall phase) without discrete ambiguities
[5, 6].
On the experimental side, there are several redundant observables:
• the unpolarized differential cross section I0,
• the linearly-polarized photon asymmetry Σγ ,
• the polarized-target asymmetry AN ,
• the polarization P Y of the recoiling baryon
• the baryon depolarization coefficients Ti and Li expressing the correlation between the longitudinal or transverse (in the
scattering plane) target polarization and the spin of the recoil baryon,
• the coefficients describing the transfer of polarization from a photon beam to the recoil baryon, in particularOi for oblique
polarization and Ci for circular polarization,
• the coefficients G, H , E and F of double spin correlations between the photon beam and the nucleon target,
• triple correlations coefficients if both the beam and the target are polarized and the hyperon polarization analyzed.
In these definitions, the index i refers to the component in a frame {xˆ, yˆ, zˆ} attached to each particle: yˆ, the normal to the
scattering plane, is the same for all, and zˆ can be chosen along the center-of-mass momentump, i.e. zˆ = p/p (in photoproduction
experiments, zˆ = −p/p is usually chosen for the baryons). For the fermions, it is convenient to use a representation of the spin
operators in which Sy is diagonal (by circular permutation of the usual Pauli matrices). For the photon, the three components
(S1, S2, S3) are the Stokes parameters, i.e., S3 ≡ S⊖ (“planarity”) is the polarization along xˆ, S1 ≡ S⊘ (“obliquity”) is the
polarization along (xˆ + yˆ)/
√
2 and S2 ≡ S⊙ is the circular polarization, or helicity. With full (|S| = 1) polarization, the
differential cross section can be expressed as
dσ
dΩ
(Sγ ,SN ,SY ) = I0 (λµ|ν)Sλγ SµN SνY . (2)
Here λ, µ, ν, run from 0 to 3, the summation is understood over repeated indices and the polarizations have been promoted
to four-vectors with S0 = 1. The correspondence with the notation found in literature is given in Appendix A, where the
observables are listed, and some of their symmetries discussed.
The angular distribution I0 and the product of I0 by a spin observable are bilinear combinations of the four amplitudes. In
this paper, the discussion is focused on eight of the observables listed in Appendix A, namely
I0 = |a1|2 + |a2|2 + |a3|2 + |a4|2 , I0AN = |a1|2 − |a2|2 − |a3|2 + |a4|2
I0Σ
γ = |a1|2 + |a2|2 − |a3|2 − |a4|2 , I0P Y = |a1|2 − |a2|2 + |a3|2 − |a4|2
I0C
Y
x = −2ℑm(a1a∗4 − a2a∗3) , I0CYz = 2ℜe(a1a∗4 + a2a∗3) ,
I0O
Y
x = −2ℜe(a1a∗4 − a2a∗3) , I0OYz = −2ℑm(a1a∗4 + a2a∗3) .
(3)
which are accessible without target polarization, since the analyzing power or target asymmetry AN is equal to the transfer of
normal polarization from the photon to the hyperon. For the CYx,z and OYx,z observables, the expressions given in Eq. (3) depend
on the phase convention among the transversity amplitudes: we follow here Ref. [5]. As seen in Appendix A, there are 15 other
pairs of observables which are equal or opposite. This means that is is not necessary to measure the reaction with any possible
beam and target polarization, except for cross-checks.
3III. RELATIONS AMONG OBSERVABLES
Each spin observableOi is normalized to belong to [−1,+1]. However, model-independent inequalities exist among observ-
ables, and as a consequence, the allowed domain for a pair of observables is often smaller than the entire square [−1,+1]2, and
similarly for a triple of observables, it is restricted to a sub-domain of the cube [−1,+1]3. The inequalities among observables
are of course independent of the choice of amplitudes, e.g., transversity vs. helicity amplitudes, and independent of the particular
phase conventions which are adopted for these amplitudes. The inequalities do not even depend on the orientation chosen for
the x- and z-axes in the scattering plane, since a rotation about yˆ of the (xˆ, yˆ, zˆ) frame attached to a particle only changes the
phase of the transversity amplitudes. The inequalities also remain unchanged if we define the spin observables in the laboratory
or Breit frame. In these frames, the helicity and the transverse polarization in the scattering plane do not coincide with the
center-of-mass ones, but are related by a Wigner rotation about yˆ.
In Ref. [4], it is indicated that several pairs of observables (Oi,Oj) obey an inequalityO2i +O2j ≤ 1, that restricts the domain
to the unit disk. Examples are
(Σγ)2 + (OYx )
2 ≤ 1 , (Σγ)2 + (OYz )2 ≤ 1 , (OYx )2 + (OYz )2 ≤ 1 . (4)
For the 7 spin observables given in (3), there are 21 pairs, and 15 of them have this unit-disk constraint.
For triples, there are several examples where the three observables are constrained inside the unit ball, in particular
(P Y )2 + (CYx )
2 + (CYz )
2 ≤ 1 , (5a)
(P Y )2 + (OYx )
2 + (OYz )
2 ≤ 1 , (5b)
(P Y )2 + (CYx )
2 + (OYx )
2 ≤ 1 , (5c)
(P Y )2 + (CYz )
2 + (OYz )
2 ≤ 1 , (5d)
(Σγ)2 + (CYx )
2 + (CYz )
2 ≤ 1 , (5e)
(Σγ)2 + (OYx )
2 + (OYz )
2 ≤ 1 , (5f)
(Σγ)2 + (CYx )
2 + (OYx )
2 ≤ 1 , (5g)
(Σγ)2 + (CYz )
2 + (OYz )
2 ≤ 1 , (5h)
By projection, this unit ball gives a constraint inside the unit disk for any subsystem of two observables. More interesting is
the case where the domain for the three observables is more restricted than the unit cube [−1,+1]3, but without restriction for
any pair. For the observables of γN → KY , on which data exist, it is known [4, 5] that AN , P Y and Σγ fulfill [4]
|AN − P Y | ≤ 1− Σγ , |AN + P Y | ≤ 1 + Σγ . (6)
These linear relations are simply obtained from the positivity of the pure transversity cross sections |ai|2 in (3). They are also
found for spin observables of inclusive reactions [1, 7]. The domain corresponds to a tetrahedron schematically drawn in Fig. 1.
Notice that its volume is only 1/3 of the volume of the entire cube, while its projection is the entire [−1,+1]2 square on any
face.
y
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z
FIG. 1: (color on line) Tetrahedron domain limited by the inequalities (6) for the observables x = AN , y = P Y and z = Σγ .
4There are several methods to establish the above inequalities. The most straightforward consists of plotting dummy observ-
ables from amplitudes whose real and imaginary parts are generated randomly. The plots clearly indicate whether the full square
[−1,+1]2 or cube [−1,+1]3 is entirely scanned, or the domain is limited by a circle, a triangle, a sphere, etc. Then for these
pairs or triples, the observed inequalities can be derived from the explicit expressions such as (3). With the transversity ampli-
tudes, AN , P Y and Σγ have simple expressions, and the tetrahedron constraint is easily seen, while it is less obvious with other
choices, e.g., helicity amplitudes, for which, in turn, other inequalities become easier.
The proofs remain at the level of elementary calculus. For instance, Eq. (5g) can be obtained from the inequality
(V 1 − V 2)2 ≤ (|V 1| + |V 2|)2 applied to the vectors V 1 = {|a1|2 − |a4|2, 2ℜe(a1a∗4), 2ℑm(a1a∗4)} and V 2 = {|a3|2 −
|a2|2, 2ℜe(a2a∗3), 2ℑm(a2a∗3)}, with normalization |V1| = |a1|2 + |a4|2 and |V2| = |a2|2 + |a3|2. A slight variant, e.g. for
Eq. (5h), consists of checking that the four-vectors (1±AN ; P Y ± Σγ , OYz ± CYx , OYx ±CYz ) are light-like, and hence, since
their time components 1±AN are positive, their sum is time-like, in the same way as two photons combine into a massive state
in elementary kinematics.
Another possible starting point is the existence of identities among observables. A consequence already stressed in the
literature [4, 5, 6] is that if sixteen measurements can be expressed in terms of seven real functions, they cannot be independent
and must be constrained by a number of relations. Several years ago, G. Goldstein et al., following earlier work by Frøyland
and Worden [4], derived nine quadratic relations among these parameters. The method of Fierz transformation [6] provides a
systematic list of identities. Most of them, however, involve many observables, and hence it is not obvious to convert these
identities into inequalities constraining the few observables for which data exist.
Another powerful tool is provided by imposing the positivity of the density matrix for the direct or crossed channels. If the
γ + N → Λ +X reaction is viewed as crossed from γ +N + Λ → X , the density matrix has dimension 8 × 8, since each of
the incoming particle has two spin degrees of freedom. This is reduced to 4× 4 if the parity of X is identified. In our case, since
X = K has spin 0, this 4× 4 density matrix has rank 1, and hence each 2× 2 subdeterminant vanishes. This gives 36 quadratic
relations which are those listed in [6] or linear combinations of them. Only 9 of them can be independent, since the observables
depend on 7 independent real parameters. However it does not mean that the 9 independent relations alone induce the 27 other
ones. For instance, the vanishing of the nine sub-determinants formed by the intersection of two consecutive columns with two
consecutive lines induces the vanishing of all the other determinants only if the 2nd and 3rd columns are non-zero. This shows
that the 2×2 sub-determinants are related in a non-linear way and 27 of them cannot be expressed from the remaining 9 ones
without discrete ambiguities.
More explicitly, following the method of [8], the density matrix of γ +N + Λ→ K can be defined as
〈e′, s′N , s′Y |R| e, sN , sY 〉 = C 〈e′, s′N |M†|s′Y 〉〈sY |M|e, sN〉 , (7)
where C is a normalization coefficient. By construction R is semi-positive definite and of rank 1. In terms of the observables
for γ +N → K + Λ,
R = (λµ|ν) σλγ ⊗ σµN ⊗ [σνY ]t . (8)
Note in (7) the crossing |sY 〉 ↔ 〈sY | of the hyperon and the corresponding transposition of σνY in (8). Table I of Appendix A
gives the matrix elements of R. For instance, from the vanishing of its co-diagonal 2×2 sub-determinants we obtain
(1±AN )2 = (P γ ± Σ)2 + (OYz ± CYx )2 + (CYz ∓OYx )2 , (9a)
(1± P Y )2 = (AN ± Σ)2 + (G∓ F )2 + (E ±H)2 , (9b)
(1± Σγ)2 = (P Y ±A)2 + (Lz ± Tx)2 + (Lx ∓ Tz)2 . (9c)
Complex identities, i.e., pairs of real identities, which do not contain PY , AN nor Σγ can be obtained from the 2×2 determi-
nants made only of non-diagonal elements of Table 1, for instance
(E + iG)2 + (F + iH)2 + (Oz − iCz)2 + (Ox − iCx)2 = 0 . (10)
Many identities can be listed [6], but they are related by symmetry rules, in particular
• rotation in the (x, y) plane, in particular the substitution x→ y, y → −x ,
• permutation of the λ, µ, ν indices, i.e., of the three particles with spin, except for the transposition of σνY . For instance,
Eqs. (9a) and (9c) are related by such a transformation,
• pi/2 rotation in the (1,3) plane: 1→3, 3→ −1 for the three particles simultaneously. This is not compatible with the parity
rules such as (32|2) = 0 or the equivalences of Eqs. (A1). However, relaxing parity temporarily, one can apply the (1,3)
rotation to Table 1, then enforce parity conservation to reduce the new matrix elements. For instance, this transformation
applied to Eq.(9c) leads to
(1 + Lz)
2 = (E + Cz)
2 + (Σ + Tx)
2 + (G+Oz)
2 , (11)
5• substitution 0→ i1, 1→ i0 for all the particles, corresponding to an imaginary Lorentz transformation of the σµ’s in the
(0,1) plane. Equation (9c), for instance, is transformed into
(1− Tx)2 = (F + Cx)2 + (Σ− Lz)2 + (H −Ox)2 . (12)
As an example of application, Eq. (9a) implies
(1±AN )2 ≥ (P Y ∓ Σγ)2 , (13)
which is equivalent to (6).
Note also that some inequalities just follow from the definition of the observables. Equation (5a), for instance, expresses the
usual bound on the three components of the polarization vector of the recoil baryon, when the photon is, say, right-handed. Sim-
ilarly, considering a photon with oblique linear polarization, one obtains (5b) of which the last inequality in (4) is a consequence.
The first of the inequalities (4) is implied by the more constraining inequality (5g) which can be understood as follows: if the
reverse reaction is performed with an hyperon fully polarized along the x axis, then the outgoing photon receives a polarization
whose components are precisely CYx , Σγ , OYx , leading to (4). Similarly, for the second inequality of (4), one can add (CYz )2.
For demonstrating (5f), it is conceivable to rotate the axis in the (x, z) plane, say (x, z) → (u, v) such that CYu is maximal
and CYv vanishes. Then the reverse reaction can be envisaged, with a polarization along the u axis for the hyperon. If the various
components of the polarization of the outgoing photon are considered, an inequality
(CYu )
2 + (Σγ)2 + (OYu )
2 ≤ 1 , (14)
is deduced from which (5f) follows by neglecting the first term and noticing that
(OYu )
2 = (OYx )
2 + (OYz )
2 . (15)
IV. CONFRONTING DATA
In a recent paper, the LEPS collaboration published results for the photoproduction reaction γn→ K+Σ− for incident photon
energy from 1.5 to 2.4 GeV [9]. It is remarkable that Σγ is close to Σγ = 1 in a wide range of energies for centre-of-mass angle
such that cos(θcm) > 0.6. Equation (6) implies that AN ≃ P Y .
The CLAS collaboration has studied the reaction γp→ K+Y measured for center-of-mass energiesW between 1.6 and 2.53
GeV and for −0.85 < cos θc.mK < +0.95 [10, 11, 12]. In addition to the differential cross-section, three spin observables are
measured, namely PY and the double correlation parametersCYx and CYz between the circularly polarized photon and the recoil
baryon spin along the directions xˆ and zˆ in the scattering plane. In these preliminary data, it is observed that some values of
PΛ are very large, for example PΛ = −0.73 at W = 1.73 GeV and cos θc.mK = +0.30. From Eq. (5a), this result leads to
(CΛx )
2 + (CΛz )
2 ≤ 0.5, which seems inconsistent with the value CΛz ∼ 1, reported in Ref. [12]. Of course, we have to wait for
the final data before drawing any definite conclusion, but we urge the CLAS Collaboration to make sure that the above constraint
is indeed fulfilled.
Very recently, Schumacher [13] stressed that in the CLAS data
(P Y )2 + (CYx )
2 + (CYz )
2 ≃ 1 . (16)
It follows from (9a) that
(AN )2 ≃ (Σγ)2 + (OYx )2 + (OYz )2 , (17)
should also be verified.
The GRAAL collaboration has measured the beam asymmetry Σγ for pi0 photoproduction [14]. Large positive values are
often found, for instance Σγ = 0.990 ± 0.069 at incident energy Eγ = 1344MeV and center-of-mass angle θcm = 45.1◦.
From Eq. (6), this implies the non trivial equality AN ≃ PY of analyzing power and recoil nucleon polarization. The same
collaboration is about to publish its results on three spin observables for kaon photoproduction: the hyperon polarization P Y ,
the beam asymmetry Σγ and the correlation coefficients OYx and OYz between the photon oblique linear polarization and the
polarization of the hyperon [15]. The inequalities (4) are seemingly far from saturation.
6V. OUTLOOK
The new data on photoproduction of pseudoscalar mesons, in particular γN → KY include several spin observables, which
can discriminate among the different models. Before undertaking a phenomenological analysis, it is crucial to check that the
various spin observables are compatible. The ultimate criterion would consist of obtaining a consistent set of amplitudes. A
more immediate test is to check whether all the possible model-independent inequalities are fulfilled by the data.
A similar approach can be applied to other exclusive reactions for which several spins are measured, in particular the
strangeness-exchange reaction p¯p → ΛΛ using a polarized target. This study has been done at the LEAR facility of CERN
and will probably be resumed at higher energy at the forthcoming FAIR complex at Darmstadt. With minor changes, the same
formalism of inequalities also holds for the observables of inclusive reactions, and for the spin-dependent structure functions
and parton distributions [1].
At first sight, deriving inequalities among observables is a mere algebraic exercise applied to the bilinear relations expressing
these observables in terms of the independent amplitudes, once the symmetry constraints have been imposed. In fact, these
inequalities reflect the positivity of the density matrix for the initial and final states of the reaction in the direct and crossed
channels. For any reaction, the spin state in the initial state, factorizable or entangled, undergoes a quantum transformation, and
is thus submitted to the general rules on the transmission of information in elementary quantum processes.
APPENDIX A: OBSERVABLES
The definition of Σγ , AN , ... CYx is taken from [16]. They differ in sign with [5] concerning Lx, G, E, CYx and CYz .
(00|0) = −(33|3) = 1 (A1a)
〈⊖〉 = −〈yy′〉 = (30|0) = −(03|3) = −Σγ (A1b)
〈y〉 = −〈⊖y′〉 = (03|0) = −(30|3) = +AN (A1c)
〈y′〉 = −〈⊖y〉 = (00|3) = −(33|0) = +PY (A1d)
〈zz′〉 = (01|1) = −(32|2) = +Lz (A1e)
〈zx′〉 = (01|2) = +(32|1) = +Lx (A1f)
〈xz′〉 = (02|1) = +(31|2) = +Tz (A1g)
〈xx′〉 = (02|2) = −(31|1) = +Tx (A1h)
〈⊘z〉 = (11|0) = +(22|3) = −G (A1i)
〈⊘x〉 = (12|0) = −(21|3) = −H (A1j)
〈⊙z〉 = (21|0) = −(12|3) = +E (A1k)
〈⊙x〉 = (22|0) = +(11|3) = +F (A1l)
〈⊘z′〉 = (10|1) = −(23|2) = −OYz (A1m)
〈⊘x′〉 = (10|2) = +(23|1) = −OYx (A1n)
〈⊙z′〉 = (20|1) = +(13|2) = +CYz (A1o)
〈⊙x′〉 = (20|2) = −(13|1) = +CYx (A1p)
The symbol 〈⊘x′〉, for instance, is an intuitive notation for the correlation between the oblique polarization of the photon (at
+pi/4) and the polarization towards xˆ of the final baryon.
In the transversity basis, owing to (1), R = R+ ⊕R−, where R− acts in the subspace spanned by
|pi +−〉 , |pi −+〉 , |n++〉 and |n−−〉 , (A2)
and where R+, acting on the complementary subspace, vanishes identically.
The matrix R− is given by Table I, and (0 + 3 , 1− i2 | 1 + i2), for instance, is a compact notation for
(01|1) + (31|1)− i(02|1)− i(32|1) + i(01|2) + i(31|2) + (02|2) + (32|2) . (A3)
TABLE I: Sub-matrix R− of the density matrix R.
pi +− pi −+ n++ n−−
pi +− (0 + 3 , 0 + 3 | 0− 3) (0 + 3 , 1− i2 | 1− i2) (1− i2 , 0 + 3 | 1− i2) (1− i2 , 1− i2 | 0− 3)
pi −+ (0 + 3 , 1 + i2 | 1 + i2) (0 + 3 , 0− 3 | 0 + 3) (1− i2 , 1 + i2 | 0 + 3) (1− i2 , 0− 3 | 1 + i2)
n++ (1 + i2 , 0 + 3 | 1 + i2) (1 + i2 , 1− i2 | 0 + 3) (0− 3 , 0 + 3 | 0 + 3) (0− 3 , 1− i2 | 1 + i2)
n−− (1 + i2 , 1 + i2 | 0− 3) (1 + i2 , 0− 3 | 1− i2) (0− 3 , 1 + i2 | 1− i2) (0− 3 , 0− 3 | 0− 3)
The 16 equivalences in Eqs.(A1a-p) reflect the invariance of (λ, µ|ν) under the substitutions: 0 → −3, 3 → −0, 1 → i2,
2→ −i1 for λ and µ and 0→ −3, 3→ −0, 1→ −i2, 2→ i1 for ν. It comes from the vanishing of amplitudes between an even
number of particles with negative σ3, expressed by
σ3 ⊗ σ3 ⊗ σ3 R = R σ3 ⊗ σ3 ⊗ σ3 = −R . (A4)
7Using these equivalences, one can simplify R by replacing m± n by m (m = 0 or 1) once in each box of Table I. The result is
equal to R/2.
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